The leading nonperturbative effects to the fine and hyperfine splitting (for n=2) have been calculated recently. We point out that a contribution of the same order O(Λ 4 QCD /m 3 α 2 s ) has been overlooked. We calculate it in this paper.
Introduction
Recently there have been some attempts to perform rigorous QCD determinations of the heavy quarkonia properties [1, 2] . Besides of calculating relativistic and radiative corrections, the leading nonperturbative corrections already found by Voloshin and Leutwyler [3, 4] are also taken into account. Moreover, the leading non-perturbative corrections to the fine and hyperfine splitting were calculated for the first time. However, the calculation is incomplete since a contribution of the same order O(Λ 4 QCD /m 3 α 2 s ) has been overlooked. The reason is twofold: (i)if we go far enough in perturbation theory we should consider corrections to the octet potential. (ii)The quarkonia state has some probability to be in a octet state.
This observation does not affect the nonperturbative decay constant corrections as far as the decay constant is the projection over a colour singlet current. Therefore, it does not feel directly the octet state, only through the normalization contribution to the physical state. However, this contribution to the normalization was taken into account in [1] although the octet state contribution was not written down explicitly. It reads
Our observation does not affect the leading splitting between states with different (n, l) quantum numbers since our result turns out to be sub-leading.
Let us comment upon the relative size of our result. These new contributions are 1/N c depressed (in fact
). Other important point is that the octet propagator is suppressed against the singlet propagator. Therefore, we expect our contribution to be depressed against other matrix elements with the same number of propagators but more singlet propagators and less octet propagators.
Our aim here is to complete the calculation of the leading nonperturbative corrections. That is important if want to go to next to leading order. That is, from the leading order result we can infer what contributions are going to be important and which of them can be neglected because the numerical factor is small.
We will use the notation and formulas of [1, 2] and [3, 5] . We distribute the paper as follows. In sect. 2 we write the general formulas. In sect. 3 we calculate the fine corrections. In sect. 4 we calculate the hyperfine corrections. The last section is devoted to the conclusions.
δV 8
In this section we give the general formulas for the fine and hyperfine splitting. The general potential reads
where P 8 , P s are the projectors over octet and singlet states. The subscript c means the Coulomb potential. The overlooked contribution has been δV 8 . It comes from the radiative and relativistic corrections like δV s . The energy correction reads
Fine Splitting
In this section we work out the fine splitting.
We have split the matrix element in radial and angular integral. Where [5] ) and Table 1 : We display here G LS . For l = 0 j must be 1.The other matrix elements are zero.
where I j,l is the identity in the subspace with total angular momentum j, orbital momentum l and s = 1 (otherwise the matrix element is 0).
We have not succeeded in finding a closed analytical expression for f (n, l; l 1 , l 2 ) although we did succeed for the angular momentum functions. They read
We display the explicit expressions in two tables. Finally, we write the final expressions for the energy corrections. Table 2 : We display here G T . For l = 0 j must be 1. The other matrix elements are zero or they can be deduced by crossing l 1 ↔ l 2 . The asterisk indicates that the result is only valid for l ≥ 2 otherwise is 0).
We write (3.9) and (3.10) in this way for ease of confront with [1] . We give some numbers for the lower values of n. 
In principle our contributions for the fine splitting are quite small in comparison to the nonperturbative corrections coming from the wave functions. Nevertheless, the authors of ref. [1] managed to isolate the latter in an unknown factor, and hence the remaining nonperturbative effects are kept under control (see (3.2) in the second paper of [1] ). Following their notation our contribution reads (for n = 2, l = 1)
being around 1% smaller.
In this section we work out the analytical formula for the hyperfine splitting.
The angular integral is almost trivial. We take l=1 otherwise the matrix element is 0. The radial integral can be done following the formulas given in [5] . We obtain
We again write (4.2) in this way for ease of confront with [1] . We give some numbers for the lower values of n (n ≥ 2). 
If l = 0 our contribution turns out to be quite small but for l = 0 the leading perturbative order is 0. Therefore, the next perturbative order is needed and in principle the nonperturbative effects are going to be more important. Thus, in the second paper of [1] a careful analysis of δM hf was done for n = 2, l = 1 (see formula (3. which turns out to be around 1% smaller.
From the phenomenological point of view our results are going to be important only in the event that a very high precision measurement is done. Nevertheless, they are conceptually important since they take care for the first time of the perturbative corrections to the octet Coulomb potential. We have also seen that the hyperfine splitting gets corrections from the fine octet potential what it is something somehow unusual.
Our results complete the calculation of all the contributions of order Λ 4 QCD /m 3 α 2 s . Therefore, the next thing to do is to look for the next to leading order contributions. However, we should do it with care since some of them are not going to be numerically important.
